This paper focuses on the mathematical modeling for 5-axis milling with a filleted end mill. Several coordinate systems are introduced to describe the relationship between a cutter orientation and a machined surface. Then, a cutting point on a cutting edge is geometrically formulated as an integrated form of some expressions. The fundamental simulations based on the modeling were implemented to investigate the characteristics of path-interval and feed-interval scallops on a machined surface; moreover, path interval determination is proposed for suitable estimation in filleted end milling. As a result, it was found that the proposed approach could provide the characteristics of microscopic topography in detail.
Introduction
Mechanical machining is a common manufacturing process in the today's industry so that it has been incorporated into a diversity of product manufacturing. Among various machining processes, milling is widely used as a versatile, highly-automated process. Many different aspects of the related studies have been reported with the development of machine tools (1) (2) (3) (4) (5) , and these outcomes have being contributed to technological advancement of the process. Since 3-axis milling machines prevailed early in production fields, the previous studies had focused mainly on 3-axis machining. Then, multi-axis technologies have recently being attracted attention with the demands for further precise, elaborate manufacturing. Accordingly, most of the associated researches deal with 5-axis milling these days. To name a few, optimum tilting angle in ball end milling was investigated by Zhao et al (6) . Optimum feed rate in ball end milling was represented by Takatsuto et al (7) .
3+2 axis machining with ball end mill was also performed by Yamada et al (8) , and their study indicated that the tool inclination could control the process stability. Machined surface feature is an industrially worthwhile subject in the milling process (9, 10) because of its direct impact on takt time. A polishing process after milling is usually unavoidable and bothersome in manufacturing dies and molds (11) , and the required cost and time are not negligible even in manufacturing a simple product shape. Various milling processes have been proposed to reduce the both-consuming task. Among them, 5-axis milling is well known as a process with suitable performance able to overcome the weakness in 3-axis milling. The technological discussions about machined surface features have been generally made with experimental, analytical, or both approaches. In the experimental approach, Toh (12) investigated the surface topography resulted in high-speed milling. The best surface quality was acquired when cutter orientation was fixed in a uniform direction. Hirogaki et al. (13) observed finish surfaces machined by 5-axis ball end milling and reported a similar finding; that is, they obtained preferable surface features by keeping the inclination angle of a cutting tool constant. In the analytical approach, Koreta et al. (14) theoretically made a geometrical model to analyze surface roughness. Their analysis showed that the cut remainder increased with increasing feed rate. Kim and Chu (15) gave an analytical prediction of machined surface texture by superposing side-by-side surface profiles. Kikkawa et al. (16) also proposed an analytical procedure to estimate a machining error. The procedure expressed the tendency of surface roughness in 5-axis ball end milling, whereas its estimation accuracy needed more consideration. In most cases, these kinds of studies focus only on ball end milling. However, filleted end mill is gradually becoming a powerful tool applicable to the finish, high-speed milling in manufacturing dies and molds. Meanwhile, current industries are eager for the predictive estimation of machined surface features. Especially, the integration into computer-aided manufacturing (CAM) is a much-needed subject for the further development. The most milling simulations reported so far have focused on the evaluation of scallop height, while a few studies gave some methodology from the developer's viewpoint. Zhang et al. (17, 18) performed an iterative analysis to calculate a pointwise value of machined surface topography. Liu et al. (19) also presented a geometrical analysis of tool-swept envelope in ball end milling. In the analysis, a workpiece was discretized according to a predetermined grid size; then, the intersections between a cutting tool and the grid points were calculated incrementally. Although the brief estimation is commercially available in a little computer-aided design (CAD) software with CAM, the analytical technologies are still immature; in addition, filleted end milling has scarcely been research topic in 5-axis milling. In accord with the industrial background and demands, the purposes of this study are to establish a simulation technology for 5-axis filleted end milling and to demonstrate the geometrically-detailed characteristics on a machined surface. The remainder of this paper is organized as follows. After nomenclature in this study is introduced immediately below, Section 2 describes the mathematical modeling of 5-axis filleted end milling. Then, the fundamental implementations and illustrative results with discussion are given in Sec. 3. The discussion includes path interval determination suitable for the process in a planar part. Finally, conclusions and future work are presented in Sec. 4 
Mathematical Modeling

Definition of Coordinate Systems
This study uses several coordinate systems to provide the geometrical expression of filleted end milling. Henceforth in this section, assume that a vector indicating an axis of a coordinate system is normalized in any case. Figure 1 shows three coordinate systems used in this study: these are O, M, and T coordinate systems, which act as right-handed coordinate systems, respectively. O coordinate system has X, Y, Z axes, whose components are (1, 0, 0), (0, 1, 0), and (0, 0, 1), respectively. M coordinate system is also defined based on a surface to be machined. Mw is a unit surface normal on a workpiece. Mv is orthogonal to Mw, and it is oriented to the scanning direction of a tool; moreover, Mu is calculated by Mw Mv× . To set the other coordinate system and inclination angles, we consider two sections in filleted end milling. The one is a cutting plane along the scanning direction of a tool (i.e., Mw-Mv plane), while the other is a cutting plane along the cross-feed direction perpendicular to the scanning direction (i.e., Mw-Mu plane). Let these planes be scanning section and cross-feed section, respectively. T coordinate system can be provided using the two sections. Tw corresponds to the rotational axis of a tool, and the direction is oriented to the shank side of the tool. As illustrated in Fig. 2 , tool inclination angle θ is defined as the For uniform treatment, this study uses two additional angles ρ and φ to derive θ. As shown in Fig. 3 , ρ is the inclination angle on scanning section, designating the angle between Mw and the orthogonal projection of Tw onto scanning section. Likewise, φ is the inclination angle on cross-feed section, indicating the angle between Mw and the orthogonal projection of Tw onto cross-feed section. The rotational directions of ρ and φ are positive in counterclockwise rotation.
Given that M coordinate system is completely identical to O coordinate system, each angle can be calculated as follows:
and
where Tw x , Tw y , and Tw z are the components of Tw in each axis. Because Tw is defined as a normalized vector,
Hence, Equations (1) and (2) can offer the following components of Tw: M coordinate system is generally different from O coordinate system. Tw must be arbitrarily adjustable for the generalization of our formulation. An additional procedure for the adjustment is only to multiply Tw by the following rotation matrix:
where subscript n (n x , n y , n z ) is a rotational axis defined arbitrarily; α is a rotational angle to adjust Tw appropriately; c = cosα; and s = sinα.
Geometrical Description of a Cutting Point
A cutting point in filleted end milling can be geometrically provided through step-by-step formulation. A cutting point on a cutting edge is firstly expressed in T coordinate system. After several transformation matrices are made using a set of T or M vectors, the cutting point obtained in T coordinate system is transformed into the corresponding one in M coordinate system. Although there are various kinds of cutting edge geometry in three dimensions, this study focuses on a filleted end mill without a helix angle. Figure 4 shows the tool profile of filleted end mill (Fig. 4 (a) ) and the positional relationship of two cutting edges (Fig. 4 (b) ). With reference to Fig. 4 , a cutting point on a cutting edge in T coordinate system Pe' can be calculated as follows: when What should be careful here is that the rotational directions of ξ and ζ are positive in clockwise rotation. Commonly, commercially-available end mills entail a number of cutting edges, so that ξ depends on the number of cutting edges n e . In the case that the angular position of a cutting edge overlaps Tv axis, ξ can be derived as a simple form:
where m is an assigned number of a cutting edge.
For the next step, we define the axial components of Ptc, which is an instantaneous tool center in filleted end milling. These are: 
Hence, a cutting point on a cutting edge Pe is obtainable as an integrated form with Pe', Ptc, R T , and R M :
where superscript T means transposition. Each trajectory of cutting edges can be also generated through continuously linking cutting points based on the step-by-step calculations.
Implementation and Discussion
Path-Interval Scallop
The fundamental simulations based on the novel modeling were carried out to estimate machined surface features in filleted end milling. Figure 5 denotes the flowchart of milling process simulation. The procedure is briefly organized as follows. Process parameters and initial conditions are set at the first step. Three coordinate systems and θ are subsequently calculated, and cutting points generated along cutting-edge motion are derived from Eq. (15) . In addition, each trajectory of cutting edges can be geometrically given using the cutting points. The microscopic topography on machined surface is three-dimensionally analyzed based on the cutting-edge trajectories. Then, the computational processes are repeatedly executed according to the number of tool paths. The machined surface feature is finally generated as a result of the milling process simulation.
The quality of a machined surface has been generally evaluated using path-interval scallop, whereas the procedure to estimate surface quality in filleted end milling has scarcely been reported so far. In this section, path interval determination suitable for filleted end milling is newly proposed in contrast with the milling process simulation. In ball end milling, path interval determination is commonly applied as the procedure using the relationship between a path interval and scallop height on an instantaneous section (20, 21) . [-] 2
Considering the variation of cutter orientation, a variety of the tool posture in filleted end milling can be assumed on an instantaneous section even if the milling is applied to a planar part. For the suitable treatment, we classify the possible situations into four cases according to ρ and φ. As illustrated in Fig. 6 , these cases are: the angular condition in case 1 is that 0 = ρ and 0 = φ ( Fig. 6 (a) ); the angular condition in case 2 is that 0 = ρ and 0 ≠ φ (Fig. 6 (b) ); the angular condition in case3 is that 0 ≠ ρ and 0 = φ (Fig. 6 (c)) ; the angular condition in case 4 is that 0 ≠ ρ and 0 ≠ φ (Fig. 6 (d) ). The common conditions for several simulations are shown in Table 1 . Figure 7 offers a machined surface feature in case 1. It was obvious from Fig. 7 that the simulation could properly provide a cutting-edge trajectory in filleted end milling. Filleted end milling without inclination achieves the maximum material removal rate. Accordingly, path interval L can be set to the largest distance among the angular conditions; moreover, an amount of the cut remainder was negligibly small, so that it could be considered as a part of path-interval scallop. However, the cutting speed of a cutting point becomes lower in practice as the cutting point comes close to the tool rotational axis. The process mechanism leads to a phenomenon making a relative part of the machined surface locally rough.
On the other hand, Figure 8 represents a machined surface feature in case 3 whose angular condition is: ρ = -1.5 and φ = 0. It was found that there were several cutter marks along tool-feed direction on the machined surface. It could be considered that the path interval L can also be set to a comparatively large value in accordance with tool inclination. If the same depth of cut is given, the material removal rate in this condition becomes larger than that in ball end milling with the same R and ρ; furthermore, it is assumed that the cutting speed of a cutting point is within practicable values for milling process because there is a sufficient distance between the cutting point and tool rotational axis.
To estimate the height of path-interval scallop in the aforementioned cases, we developed the following formulae as path interval determination. In the case 1, a path interval L depends only on R, R cr , and h:
In the case 2, path interval determination must be considered with not only the corner radius but also the bottom edge of a filleted end mill:
and when h > R cr -R cr cosφ,
In the case 3, we firstly consider an ellipse in contact with a planar surface, and effective rotational radius R eff is introduced using the ellipse. Figure 9 illustrates the geometrical relationship between the ellipse and R eff . The long radius R long and short radius R short can be geometrically calculated according to Z tc : 
Then, R eff can be also derived as follows:
Here, note that the proposed treatment is applicable only when h is smaller than R short . In practice, h is set to considerably-small value for saving time and effort in polishing. Accordingly, the condition is obviously realizable to make the restriction. R eff enables us to deal with a path interval in a similar manner to that in ball end milling (22) :
Although geometrical error occurs from circle approximation, R eff can always provide a smaller h than the approximation using an ellipse. As illustrated in Fig. 10 , we consider the two inclined circles based on R eff to calculate path interval L in the case 4. The first step is to obtain R eff firstly. Z tc , R short , and R long can be derived by substituting θ to ρ in the formulae of case 3: 
Then, R eff using θ is also provided by Eq. (22) . When the circle is orthogonally projected onto Mw-Mu plane, the short radius of the ellipse based on R eff is given as R effshort :
Path interval L in case 4 can be obtained using the relationship between the two adjacent ellipses:
(28) Figure 11 shows the machined surface feature as an example to verify the proposed formulae. The simulation was executed under the conditions in Table 1 and the angular conditions that ρ = -1.5 and φ = -1.5. A predetermined path-interval scallop h in the simulation was set to 0.05 mm, so that path interval L could be calculated as about 2.87 mm. To avoid the ambiguity about path-interval scallop, let the path-interval scallop in the simulation result be h'. The simulation result gave about 0.036 mm as h'. The both values were in well agreement. Given that a predetermined scallop height h was set to 0.05 mm, each simulation result in the other cases was as follows:
These results were in good agreement with the predetermined one. h' in case 1 is slightly larger than the predetermined one, while it is considered that the main cause is a calculation error associated with geometrical approximation. It was found from these results that the proposed formulae could be applied to path interval determination in filleted end milling.
Feed-Interval Scallop
High-speed machining is regarded as a powerful process applicable for manufacturing of dies and molds. In high-speed milling process, a high spindle speed and feed rate are selected as process parameters (e.g., 30000 min -1 for spindle speed and 12000 mm/min for feed rate). The process is also performed in a short path interval L such as 0.1-0.3 mm. As a result, feed-interval scallop is nearly equal to path-interval scallop, so that the magnitude of feed-interval scallop directly influences surface roughness. On the other hand, because machine tools had some limitations, the spindle speed and feed rate in conventional milling process have been set within 6000 min -1 and 1000-2000 mm/min, respectively; moreover, path interval L has been set as a comparatively large distance like 0.5-1.0 mm. Ball end milling has been studied to investigate the differences of these conditions (23, 24) . However, filleted end milling has been scarcely studied based on the differences. As the fundamental investigation using simulation, we focused particularly on influence of feed per tooth on feed-interval scallop. Although there are two inclination angles to determine tool posture, the following simulations only consider ρ as an analysis condition.
For the variation of feed per tooth, the simulations used the conditions in Table 1 , except for feed rate F and tool rotational speed N. Figure 12 indicates a typical part of the simulation results. The feed per tooth was set as 0.5 and 0.2 mm/tooth, respectively. It was found from the results that there was little influence of ρ on feed-interval scallop, while the reduction of feed per tooth led to decreasing of feed-interval scallop. It has been recommended that the inclination angle is set to 15 ο in ball end milling (25) , whereas the simulation showed that the small angles of ρ had an advantage in the reduction of surface roughness. In practical Depth of cut [mm] Fig. 12 Influence of ρ and feed per tooth on feed-interval scallop filleted end mill with an insert edge, the bottom edge is not flat but slightly inclined; thus, the edge has very little effect on the machined surface. For the design of an insert edge, it is important to consider the inclination of bottom edge. From the results, it is considered that the minimally-acceptable inclination is desirable to maintain the cutting performance and surface roughness in filleted end milling.
Conclusions
This paper presents a novel simulation approach for directly generating geometricallydetailed topography on a machined surface in 5-axis filleted end milling. In the modeling, a cutting point on a cutting edge was geometrically formulated as an integrated form with Pe', Ptc, R T , and R M . The fundamental simulations based on the modeling were performed to investigate the characteristics of path-interval and feed-interval scallops on a machined surface; moreover, the path interval determination was newly proposed for the four possible situations in 5-axis filleted end milling. As a result, the following conclusions were obtained:
(1) The formulae proposed for path interval determination make suitable estimation of path-interval scallop in the four applicative cases. (2) The feed-interval scallop in filleted end milling depends mainly on feed per tooth. The reduction of feed per tooth can improve the machined surface roughness in filleted end milling, while there is little influence of tool inclination angle on feed-interval scallop.
Our future work will include the quantification of microscopic topography on a machined surface and the experimental verification in milling processes. As a further advanced topic, we would also attempt to integrate the simulation approach into a CAD/CAM system. 
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